A subposet Q of a poset Q is a copy of a poset P if there is a bijection f between elements of P and Q such that x ≤ y in P iff f (x) ≤ f (y) in Q . For posets P, P , let the poset Ramsey number R(P, P ) be the smallest N such that no matter how the elements of the Boolean lattice QN are colored red and blue, there is a copy of P with all red elements or a copy of P with all blue elements. We provide some general bounds on R(P, P ) and focus on the situation when P and P are both Boolean lattices. In addition, we give asymptotically tight bounds for the number of copies of Qn in QN and for a multicolor version of a poset Ramsey number.
Introduction
A classical hypergraph Ramsey number R(G, H) for k-uniform hypergraphs G and H is the smallest n such that any red/blue edge-coloring of a complete k-uniform hypergraph on n vertices contains a red copy of G or a blue copy of H. The existence of this number was proved by Ramsey [18] in 1930, but the problem of determining these and "multicolor" numbers remains open and generates a lot of research activity, see for example [5, 4, 3, 6, 1, 11] .
While classical Ramsey theory provides results about unavoidable uniform set systems such as k-uniform hypergraphs, here we investigate Ramsey numbers for set systems with various set sizes treated as partially ordered sets.
A partially ordered set, a poset, is a set with an accompanying relation "≤" that is transitive, reflexive, and antisymmetric. A Boolean lattice of dimension n, denoted Q n , is the power set of an n-element ground set X equipped with inclusion relation, we also write 2 X for such a lattice. The k-th layer of Q n is the set of all k-element subsets of the ground set, 0 ≤ k ≤ n. An injective mapping f : P → P is an embedding of a poset P into another poset P if for any A, B ∈ P we have A ≤ B in P iff f (A) ≤ f (B) in P . In this case, we say that f (P ) is a copy of P in P . The 2-dimension of a poset P , defined by Trotter [20] and denoted by dim 2 (P ), is the smallest n such that Q n contains a copy of P . An n-element antichain A n is a poset with any two elements not comparable, an n-element chain C n is a poset with any two elements comparable.
A very general problem of determining what posets have Ramsey property was solved by Nešetřil and Rödl [15] . Here, a poset X has Ramsey property if for any poset P there is a poset Z such that when one colors the copies of X in Z red or blue, there is a copy of P in Z such that all copies of X in this copy of P are red or all of them are blue. In the current paper, X is always the single-element poset, i.e., the elements of posets are colored, instead of more complicated substructures. In that case, the existence of Z is guaranteed, so we direct our attention to quantitative aspects and the asymmetric case where the two colors are associated with different posets.
Let P and P be two posets and g be a poset parameter, then R g (P, P ) is the smallest g such that there is a poset Z with g(Z) = g and such that in any red/blue coloring of Z there is a copy of P with all red elements or a copy of P with all blue elements. Kierstead and Trotter [9] considered g to be width, height, or size, see also [21, 19, 16] . In this paper we initiate the study of Ramsey numbers for posets that extends the previously defined notions and fits the concept of extremal functions of posets [17, 13] .
For posets P and P , let the poset Ramsey number R dim2 (P, P ) be the smallest N such that any red/blue-coloring of Q N contains either a red copy of P or a blue copy of P . We use simply R(P, Q) instead of R dim2 (P, Q) when it is clear from context.
For example, R(C n , C n ) = 2n − 2 for a chain C n . Indeed, in a 2-colored Q 2n−2 there is a chain with 2n − 1 elements, n of those have the same color and form a copy of C n ; a coloring of Q 2n−3 with n − 1 layers in one color and n − 1 layers in another color has no monochromatic copy of C n . Another example is R(A n , A n ) = min{N : 2n − 1 ≤ N N/2 }, for an antichain A n . To see that, observe that at least half of the elements in the middle layer in a 2-colored Q N have the same color and there are at least n of them. On the other hand, partition the elements of Q N −1 into at most 2n − 2 chains. Such a partition exists, see for example [12] . Color n − 1 chains red and the remaining (at most n − 1) chains blue. Since each antichain has at most one element from each of these chains, there is no monochromatic antichain with n elements. The focus of this paper is the case when P and P are Boolean lattices themselves, i.e., R(Q n , Q m ). Theorem 1. For any integers n, m ≥ 1,
(vi) A Boolean lattice Q 3n log(n) whose elements are colored red or blue randomly and independently with equal probability contains a monochromatic copy of Q n asymptotically almost surely.
We prove a more general result in terms of the 2-dimension and height h of a poset P , where h(P ) is the number of elements in a largest chain of P . The lexicographic product P × Q of two posets is defined by taking a disjoint union of |P | copies of Q and making all elements in ith copy less than each element in jth copy iff the ith element of P is less than jth element of P . Formally, the set of elements of P × Q is a cartesian product of elements of P and Q and (
. Note that the product operation is not symmetric, i.e., in general P × Q and Q × P are not isomorphic. We say that a coloring of 2 S is layered for a set S if for each i, i = 0, . . . , |S| all subsets of S of size i have the same color.
Lemma 2 (Layered Lemma). For any n there is N such that in any red/blue coloring c of subsets of [N ] there is a set S ⊆ [N ] such that |S| = n and c is layered on 2 S .
Lemma 3 (Blob Lemma). Let P be a poset and m ≥ 1 be an integer. If N = dim 2 (P ) + h(P )m, then Q N contains a copy of P × Q m . In particular, R(P, Q m ) ≤ dim 2 (P ) + h(P )m.
Lemma 4 (Antichain Lemma). If in a red/blue coloring of 2 [N ] the red elements form antichains A 1 , . . . , A , < N , such that A i is a set of minimal elements in A i ∪ · · · ∪ A , i = 1, . . . , , then there is a blue copy of
We give some more definitions and prove Lemmas 2, 3, 4 in Section 2. We prove Theorem 1 in Section 3.
In studying Ramsey properties of posets, specifically Boolean lattices, we prove a result of independent interest concerning embeddings of Q n into Q N . We describe a bijective mapping between the set of such embeddings and a set of some special sequences in Section 4. As a corollary, we determine the number of such embeddings.
Theorem 5. Let n ≤ N . The number e(n, N ) of embeddings of Q n into Q N satisfies the inequality
where a(n) is the number of distinct antichains in 2 [n] . In particular
The multicolor Ramsey number for a poset P is defined, for a given k, to be the smallest integer n such that any coloring of Q n in k colors contains a copy of P in one of the colors. This number is denoted by R k (P ). The following theorem is proved in Section 5.
Theorem 6. For any poset P that is not an antichain, R k (P ) = Θ(k).
Finally, we make a quick comparison between Ramsey numbers for Boolean lattices and Ramsey numbers for Boolean algebras. A Boolean algebra B n of dimension n is a set system {X 0 ∪ i∈I X i : I ⊆ [n]}, where X 0 , X 1 , . . . , X n are pairwise disjoint sets, X i = ∅ for i = 1, . . . , n. To see the difference between Boolean algebras and copies of Q n consider three families of sets in 2 [6] :
Here F 2 is a Boolean algebra of dimension 2 with X 0 = {2}, X 1 = {3, 4}, X 2 = {5}, but F 1 and F 3 are not. The families F 1 and F 2 are copies of Q 2 , however F 3 is not a copy of Q 2 because in Q 2 there are two incomparable elements and in F 3 any two elements are comparable. Boolean algebras have much more restrictive structure than Boolean lattices. If a subset of Q N contains a Boolean algebra of dimension n, then it clearly has a copy of Q n , but not necessarily the other way around. Gunderson, Rödl, and Sidorenko [7] considered the number R Alg (n), defined to be the smallest N such that any red/blue coloring of subsets of an N element set contains a red or a blue Boolean algebra of dimension n. Note that here "contains" means not a subposet containment but simply a subset containment in 2 [N ] . The existence of R Alg (n) and thus of R dim2 (Q n , Q n ) easily follows from Lemma 2. However, the bounds given by this approach are very large. We state the bounds on R Alg (n), here the lower bound is given without a proof by Brown, Erdős, Chung, and Graham [2] and the upper bound is a recapturing of the arguments given by Gunderson, Rödl, and Sidorenko [7] . Here, K n (s, . . . , s) is a complete n-uniform n-partite hypergraph with parts of size s each and R h (K n (2, . . . , 2)) is be the smallest N such that any 2-coloring of K n (N , . . . , N ) contains a monochromatic K n (2, . . . , 2). Here h stands for hypergraph.
Theorem 7.
There is a positive constant c such that
We put the details of the upper bound in Section 6. The last section we devote to conclusions.
Definitions and proofs of lemmas
For a subset U of elements in a poset P , the upper set of U or simply the upset of U , is U + = {x ∈ P | ∃u ∈ U : u ≤ x}. If U = U + , then U is called upper closed. We say that a sequence of sets is inclusion respecting if any higher indexed set is not a subset of a lower indexed set. Note that one can always create such an ordering for any family of sets by putting the sets of smaller cardinality ahead of sets of larger cardinality. An affine cube, or a Hilbert cube of dimension n is a set of integers {x 0 + i∈I x i : I ⊆ [n]}, where x 0 is a non-negative integer and x 1 , . . . , x n are positive integers. Note that if A = {X 0 ∪ i∈I X i : I ⊆ [n]} is a Boolean algebra and x i = |X i |, i = 0, . . . , n, then the set of all sizes of sets occurring in A is equal to {|X| : X ∈ A} = {x 0 + i∈I x i : I ⊆ [n]} and therefore is a Hilbert cube. Hilbert [8] showed that for any positive integers c and n there is N = h(n, c) such that any c-coloring of [N ] contains a monochromatic Hilbert cube of dimension n. Let b(N, n) be the largest size of a family of subsets of [N ] that does not contain a Boolean algebra of dimension n.
The Lubell mass of a set family
contains no copy of P }. Méroueh [14] proved that λ * (P ) exists for any P . For other definitions on graphs, posets, and set systems, we refer the reader to West and Trotter [23, 9] .
Proof of Layered Lemma. Let R k (n) be the hypergraph Ramsey number that is equal to the smallest integer N such that any red/blue coloring of
, a coloring c restricted to 1-element sets contains a monochromatic family of size
. Let this set be S 1 . Assume that S 1 , . . . , S i−1 satisfying the assumption exist.
, a coloring c restricted to subsets of size i in S i−1 contains a set S i ⊆ S i−1 all of whose i-element subsets are of the same color and such that
. This completes the induction. We have that |S n−1 | = R n (n) = n, so 2 Sn−1 is a Boolean lattice of dimension n with a layered coloring.
Proof of Blob Lemma. Let n = dim 2 (P ) and let f be an embedding of P into 2 [n] . Let h(P ) = h and N = n + hm. Consider a partition of
. For p ∈ P and S ⊆ [m], let h(p) be the number of elements in a longest chain in P with maximum element p and let
By definition of the product, we have that (p, S) is less than (p , S ) in P × 2 [m] iff p is less than p in P or ( p = p and S ⊆ S ) and it is straightforward to check that g respects this relation and is therefore an embedding.
For the second claim, consider a coloring of 2 [N ] in red and blue. Consider further a copy of P ×2 [m] in it. If some copy of 2 [m] is blue, we are done, otherwise there is a red element (p, S p ) for each p ∈ P and some S p ⊆ [m]. These red elements form a red copy of P .
Proof of Antichain Lemma. Consider X 0 = 2 { +1,...,N } . Let n = N − . We shall show a stronger statement by induction on i, i = 0, . . . , : there is a copy X i of 2
[n] with sets from {1, 2, . . . , i, + 1, . . . , N } such that this copy does not contain any set from A 1 , . . . , A i .
Basis: The claim is trivial for i = 0 since X 0 fulfills the requirement as no sets are forbidden yet.
Step: Assume that X i−1 is a copy of 2 [n] consisting of subsets of {1, 2, . . . , i − 1, + 1, . . . , N } and avoiding all of A 1 , A 2 , . . . , A i−1 , i ≥ 1. Let X i be the image of an embedding f of X i−1 , where
As before it is an embedding as it preserves inclusions. We only need to check that f (Y ) ∈ A 1 , A 2 , . . . , A i for any Y ∈ X i−1 . Assume that f (Y ) ∈ A j for some j ∈ {1, . . . , i}. Since any Y from X i−1 is not in A 1 , . . . , A i−1 and the elements of A i in X i−1 were shifted up by {i}, we see that if f (Y ) ∈ A j , then Y ∈ A + i , and so f (Y ) = Y ∪ {i}. Thus, there is B ∈ A i , such that B ⊆ Y . So, B ⊆ Y ⊆ Y ∪ {i} = C for some C ∈ A j . If i = j then we have two comparable sets B and C in an antichain A i , a contradiction. So, j < i. But A j consists of minimal elements of A j ∪ · · · ∪ A and C ∈ A j is not a minimal element, a contradiction.
Ramsey numbers for Boolean lattices
Proof of Theorem 1 (i). For the lower bound on R(Q n , Q n ), consider Q 2n−1 . Color the sets of sizes 0, . . . , n − 1 red and all other sets blue. Then there is no monochromatic chain with n + 1 elements and thus there is no monochromatic copy of Q n .
For the upper bound on R(Q n , Q n ), consider a red/blue coloring of Q n 2 +2n . Let the ground set be
X1 . We see that each B Y is a copy of Q n . If this copy is blue, then B Y gives a monochromatic copy of Q n . Otherwise, there is a red element in each
. We claim that these elements form a red copy of Q n . Indeed, we see for
Proof of Theorem 1 (ii). To show that R(Q 1 , Q n ) = n + 1, consider a red/blue coloring of Q n+1 . If there are two red sets A ⊆ B, then they form a red copy of Q 1 and we are done. So, we can assume that the red sets form an antichain, A. From Lemma 4 we see that there is a copy of Q n avoiding A. To see that R(Q 1 , Q n ) > n, color one element of Q n red and other blue.
Proof of Theorem 1 (iii).
To show that R(Q 2 , Q n ) ≤ 2n + 2, consider a red/blue coloring of Q 2n+2 . Consider the poset formed by red elements. Assume that it has height at least n + 3. Then there are two sets A ⊆ B, |B \ A| ≥ n + 2. Let X = {Y : A ⊆ Y ⊆ B}. Then X is a copy of Q m , m ≥ n + 2, with maximal and minimal elements red. This implies that all red elements in this poset form a chain, otherwise there is a red copy of Q 2 . Let a be contained in all sets of this chain but not in A. Let b ∈ B \ (A ∪ {a}). Consider X = {Y ∈ X : a ∈ Y, b ∈ Y }. Then X is a blue copy of Q m−2 containing a blue copy of Q n . Thus, we can assume that the height h of the red poset R is at most n + 2. Build an antichain A 1 to be the set of minimal elements of R and an antichain A i , i > 1 to be the set of minimal elements of R \ (A 1 ∪ · · · ∪ A i−1 ), i = 1, . . . , h. Applying Lemma 4, we see that there is a blue copy of Q 2n+2−(n+2) = Q n .
Proof of Theorem 1 (iv).
The bound on R(Q n , Q m ) is a corollary of the Blob Lemma. Note that our upper bound on R(Q n , Q n ) also follows from the Blob Lemma, but we wrote an explicit direct proof.
Proof of Theorem 1 (v).
To prove that R(Q 2 , Q 2 ) ≥ 4, consider a layered coloring of Q 3 with two red layers and two blue layers. This coloring has no monochromatic copy of Q 2 . For the upper bound, consider a red/blue coloring of 2 [4] and treat two cases: when ∅ and [4] have the same or different colors. Relatively easy case analysis shows that in both cases there is a monochromatic copy of Q 2 .
To prove that R(Q 3 , Q 3 ) ∈ {7, 8} we first give an explicit coloring of 2 [6] containing no monochromatic copy of Q 3 . We list the family R of red sets in Figure 1 . All other sets are blue, denote their family by B. Note that a set S is in R iff [6] \ S is in B. So, it is sufficient to verify that R contains no copy of Q 3 . Assume for the contrary that f : 2 [3] → R is an embedding. Let Y = f ( [3] ). Clearly, Y should have size 3 or 4. We assume that |Y | = 4, since replacing Y with one of its superset in R still gives a copy of Q 3 . Without loss of generality Y = {1, 2, 3, 5}. Then 2 Y ∩ R = {{1, 2, 3, 5}, {1, 2, 3}, {1, 3, 5}, {1, 2}, {1}, {2}, {3}, {5}, ∅}, that clearly does not contain a copy of Q 3 .
To show that R(Q 3 , Q 3 ) ≤ 8, consider a red/blue coloring of 2 [8] . We say that a family of five distinct sets A 1 , . . . , A 5 forms a configuration A if either A 1 , . . . , A 5 or their complements satisfy the following conditions:
We treat four cases and in each of them we find either a monochromatic copy of Q 3 or a monochromatic family A.
Case 1. The elements of some four layers have the same color. Then there is a monochromatic copy of Q 3 .
Case 2. The elements of some three consecutive layers are of the same color, say red, and Case 1 does not hold. If there is a red element above or below the three red layers, then this element and some 7 members of the three red layers form a red copy of Q 3 . If there is no such element, then there are 6 blue layers, that brings us to Case 1.
Case 3. The elements of the first two or the last two layers have the same color, say the first two layers are red and Cases 1 and 2 do not hold. Since last three layers contain both red and blue elements, let M be a set of size at least 6 that is red. If a, b, c ∈ M , then ∅, {a}, {b}, {c}, M form a monochromatic configuration A.
Case 4. None of the Cases 1, 2, 3 hold. Let ∅ be red. Then, w.l.o.g. {1} is blue and by pigeonhole principle {1, 2}, {1, 3}, {1, 4}, {1, 5} are all of the same color t ∈ {red, blue}. If either [8] or [8] Proof of Theorem 1 (vi). Here, we do not try to optimize the constant 3. In fact, it could be replaced with 1 + for any positive . Let N = n + (n + 1)2 log n. asymptotically almost surely each F(S) has a red set F S . In that case {F S : S ⊆ X 0 } is a copy of Q n .
4 Embeddings of Q n into Q N .
In this section we define two bijections between the set of copies of Q n in Q N and sets of other combinatorial objects. We use these bijections to prove Theorem 4 and to make some general observations about Ramsey numbers for Boolean lattices.
Bijection from the set of good sequences
Let f :
be an embedding. Consider the sequence of sets (U 1 (f ), . . . , U N (f )) with
We call this the characteristic vector of the embedding f . An example is shown in Figure 2 . We call a sequence of upper-closed sets from 2
[n] good if each of ({i}) + , i = 1, . . . , n appear in that sequence. Note that some U j s could be empty. If, for example U 3 = {1} + , U 7 = {3} + , and
Example for an embedding f of Q 2 into Q 3 with corresponding characteristic vector
embedding f from 2 [3] to 2 [9] , then any subset of {3, 7, 8} is equal to f (S) ∩ {3, 7, 8}, for some S. For example {7, 8} ⊆ f ({3, 2}) since 3 ∈ f ({3, 2}), it follows that f ({3, 2}) ∩ {3, 7, 8} = {7, 8}. Proof. Claim 1 Let (U 1 , . . . , U N ) be the characteristic vector of an embedding f :
. Then for each j = 1, . . . , N , the set U j is upper closed and for each i = 1, . . . , n there is a U j such that
To see that each U j is upper closed, consider S ∈ U j and S ⊇ S. Then j ∈ f (S), and f (S) ⊆ f (S ). Thus j ∈ f (S ), and so S ∈ U j . To prove the second statement, note that for any i ∈ [n] we have
. By definition we also have j ∈ f (S) ⇔ S ∈ U j and i ∈ S ⇔ S ∈ {i} + . Thus S ∈ {i} + ⇔ S ∈ U j . This implies that U j = {i} + , proving Claim 1.
Claim 2 If (U 1 , . . . , U N ) is a sequence of upper closed sets and all {i} + occur among the U j s, for i = 1, . . . , n, then the function f with f (S) = {j : S ∈ U j } is an embedding of Q n into Q N . Moreover, (U 1 , . . . , U N ) is the characteristic vector of f .
First we verify that f is indeed an embedding. If S ⊆ T then since U j 's are upper closed sets, if S ∈ U j then T ∈ U j , so f (S) ⊆ f (T ). On the other hand, if S ⊆ T then there is i ∈ S \ T . Let j be an index such that {i}
. This proves Claim 2.
Claim 3 If f and g are distinct embedding of 2
[n] into 2
[N ] then they have distinct characteristic vectors, i.e., (
Since f = g we have S ⊆ [n] with f (S) = g(S), i.e., there is, without loss of generality i ∈ f (S)\g(S). Thus S ∈ U i (f ), but S ∈ U i (g), which proves Claim 3. 
The other way around, assume that S is a copy of 2 are (a(n) − n) N −n ways to place upper sets different from these in the remaining N − n positions. Note that one could provide an exact formula for e(N, n) in terms of a(n) by counting the words of length N over the alphabet [a(n)], containing each of the letters 1, 2, . . . , n at least once.
Finally, to prove the last statement of the Theorem, observe that a(n) = 2 ( n n 2 )(1+O(log n/n)) , see [10] , and
Multicolor Ramsey numbers
Proof of Theorem 6. Consider a coloring c of Q N in k colors and having no monochromatic copy of P . Then each color class contains no copy of P and thus Lubell mass of each color class
On the other hand,
, consider a layered copy of Q k−1 with each layer of own color. Then each color class is an antichain, thus does not contain a copy of P . So, R k (P ) ≥ k.
Boolean algebras
While Gunderson, Rödl, and Sidorenko [7] consider a multicolor Ramsey problem for Boolean algebras when the dimension of the desired monochromatic Boolean lattice is fixed and the number of colors grows, we consider a 2-colored case. Note that Layered Lemma 2 immediately gives a very large upper bound on R Alg (n) in terms of repeated application of hypergraph Ramsey's Theorem and Hilbert's Theorem. Indeed, we know from Lemma 2 that sufficiently large 2-colored Boolean lattice contains a layered Boolean algebra B of dimension N with sets in layer i of size i. Consider a coloring c of {0, 1, . . . , N }, where c (i) is the color of elements in layer i, i = 0, . . . , N . If N > h(n, 2) then there is a monochromatic, say red, Hilbert cube of dimension n in c , say {x 0 + i∈I x i : I ⊆ [n]}. This means that all subsets of S n of sizes x 0 , x 0 + x 1 , x 0 + x 2 , . . . , x 0 + x n , x 0 + x 1 + x 2 , . . . , x 0 + x 1 + · · · + x n are red. Pick disjoint subsets X 0 , X 1 , . . . , X n of B of sizes x 0 , . . . , x n respectively. We can do this since N ≥ x 0 + x 1 + · · · + x n . Then these sets generate a monochromatic Boolean algebra of dimension n.
Proof of Theorem 7. To get the first expression in the upper bound, consider a bound on b(N, n), the largest number of elements in Q N not containing a Boolean algebra of dimension n, given in [7] Thus if N = 2 2 n+1 n log n then there is a color class of size at least 2 N /2 > b(N, n). Therefore there is a monochromatic Boolean algebra of dimension n.
To get the second expression in the upper bound, we use the ideas from [7] again. Consider a coloring c of Q N . Split [N ] into n pairwise disjoint sets N 1 , . . . , N n of almost equal sizes, further consider C i to be a longest chain in a family of subsets of N i , i = 1, . . . , n. Consider a complete n-uniform n-partite hypergraph with parts C i , i = 1, . . . , n. Color a hyperedge {X 1 , X 2 , . . . , X n } with color c(X 1 ∪ · · · ∪ X n ). If N/n ≥ R h (K n (2, . . . , 2)) then we have a monochromatic K n (2, . . . , 2) with partite sets {X 1 , X 1 }, . . . , {X n , X n }, where X i ⊆ X i and X i ∩ X j = ∅ for i = j. This corresponds to a monochromatic Boolean algebra with sets Y 0 ∪ {∪ i∈I Y i : I ⊆ [n]}, where Y 0 = X 1 ∪ · · · ∪ X n and Y i = X i \ X i , i = 1, . . . , n.
For the lower bound, we use the layered coloring of Q N with N = h(n, 2) − 1 in red and blue, so that the indices of blue layers form a set without affine cube of dimension n and so do the indices of the red layers. It was noticed in [2] , that it is easy to see that h(n, 2) ≥ 2 cn .
Conclusions
In this paper, we initiated the study of Ramsey theory for copies of posets in Boolean lattices. Compared with at least exponential behavior of a similar Ramsey number for Boolean algebras, we obtain the bounds 2n − 1 ≤ R(Q n , Q n ) ≤ n 2 + 2n. We give a tight asymptotical expression of the number of embeddings of Q n into Q N and show that the multicolor Ramsey number for posets is linear in the number of colors. The question of determining the correct value for R(Q n , Q n ) remains one of the interesting here. The fact that R(Q 3 , Q 3 ) ∈ {7, 8} suggests that neither of our bounds for R(Q n , Q n ) is tight. Another interesting question is how the colorings of Q N , for N = R(Q n , Q n ) − 1 and no monochromatic copies of Q n look like. So far, for all lower bounds on Boolean lattices and Boolean algebras, only layered colorings were considered. Here, we presented a non-layered coloring of Q 6 with no monochromatic copy of Q 3 . Note that any layered coloring of Q 6 has a monochromatic Q 3 . For some additional Ramsey-type results in the Boolean lattice, see Walzer [22] .
